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1. Introduction
It is well known that the contractive-type conditions are very important in the study of fixed point theory. The first
important result on fixed points for contractive-typemappingswas thewell-knownBanach–Caccioppoli theorem, published
for the first time in 1922 in [1] and also found in [2]; then Kannan analyzed a substantially new type of contractive condition
in [3]. Since then there have beenmany theorems dealingwithmappings satisfying various types of contractive inequalities;
we refer the reader to [4–8] and references therein. Very recently results of common fixed points for a pair of single-valued
operators have been obtained by applying various types of contractive conditions; we refer the reader to [9–12]. Moreover,
the existence of common fixed points for multivalued mappings was also considered recently by Hong [13] by applying the
monotone method in ordered Banach spaces. However, to the best of our knowledge, few corresponding results of common
fixed points for multivalued operators have been obtained. The purpose of the present paper is to establish fixed point
theorems for generalized contractive multivalued operators. An analogy of single-valued operators was obtained in [9].
In [9] the following definitions were given:
Definition 1. LetN ∈ (0,+∞], f : [0,N )→ R satisfy:
(i) f (0) = 0 and f (t) > 0 for each t ∈ (0,N ).
(ii) f is continuous.
(iii) f is nondecreasing on [0,N ).
Definition 2. LetN ∈ (0,+∞], ψ : [0,N )→ [0,+∞) satisfy:
• ψ(t) < t for each t ∈ (0,N ).
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• ψ is nondecreasing and right upper semi-continuous.
• For each t ∈ (0,N ), limn→∞ ψn(t) = 0.
By means for the functions f andψ given as in the above, a generalized contraction was defined in [9]. Similar to [9], we
define a generalized contraction for multivalued operators. Moreover, we prove the existence of common fixed points for
a pair of multivalued operators which satisfy generalized contractive conditions. For the sake of convenience, we assume,
besides the hypotheses (i)–(iii), that f also satisfies
(iv) f (t1 + t2) ≤ f (t1)+ f (t2), for each t1, t2, t1 + t2 ∈ (0,N ).
In addition, instead of the assumptions of Definition 2, we assume that ψ satisfies the following conditions:
Definition 3. LetN ∈ (0,+∞], ψ : [0,N )→ [0,+∞) satisfy:
(i) ψ(t) < t for each t ∈ (0,N ).
(ii) For each t ∈ (0,N ),∑∞n=1 ψn(t) <∞.
Hence, we omit the hypothesis of the monotonicity and continuity of ψ .
Define ξ1 = {f |f satisfies (i)–(iii) of Definition 1 and (iv)}, ξ2 = {ψ |ψ satisfies (i) and (ii) of Definition 3}.
Let (E, d) be a complete metric space. For two subsets X, Y of E, we mark X ≤ Y , if
∀x ∈ X, ∃y ∈ Y such that x ≤ y.
The following notions are useful in this sequel.
Definition 4. For any A, B ⊂ E, the function
H(A, B) = max
{
sup
a∈A
D(a, B), sup
b∈B
D(b, A)
}
is called Hausdorff distance, where D(a, B) = D(B, a) = infb∈B d(a, b).
Definition 5. x∗ ∈ E is called a fixed point of multivalued operator Q if x∗ ∈ Qx∗.
Definition 6. A subset B is said to be an approximation if for each given y ∈ E, there exists z ∈ B such that
D(B, y) = d(z, y).
A multivalued operator K is said to have approximate values in E if Kx is an approximation for each x ∈ E.
Throughout this paper we always assume that all multivalued operators have approximate values.
2. Main results
Theorem 1. Let E be a complete metric space and let Y = sup{d(x, y)|x, y ∈ E}. Set N = Y if Y = ∞, andN > Y if Y <∞.
Suppose that T , S : E → 2E , f ∈ ξ1 and ψ ∈ ξ2 satisfy
f (H(Tx, Sy)) ≤ ψ(f (M(x, y)))
for each x, y ∈ E, where
M(x, y) = max
{
d(x, y),D(Tx, x),D(Sy, y),
1
2
(D(Tx, y)+ D(Sy, x))
}
.
Then T , S have a common fixed point x∗ ∈ E. Further, for each x0 ∈ E, the iterated sequence {xn} with x2n+1 ∈ Tx2n and
x2n+2 ∈ Sx2n+1 converges to the common fixed point of T and S.
Proof. We first prove that any fixed point of T is also a fixed point of S and conversely. If x∗ ∈ Tx∗ but x∗ 6∈ Sx∗. Since Sx∗ is
approximate, D(Sx∗, x∗) > 0. From
M(x∗, x∗) = max
{
d(x∗, x∗),D(Tx∗, x∗),D(Sx∗, x∗),
1
2
(D(Tx∗, x∗)+ D(Sx∗, x∗))
}
= D(Sx∗, x∗),
it follows that
f (D(Sx∗, x∗)) ≤ f (H(Tx∗, Sx∗)) ≤ ψ(f (M(x∗, x∗)))
= ψ(f (D(Sx∗, x∗))) < f (D(Sx∗, x∗)).
This is a contradiction; so x∗ ∈ Sx∗. By the same process, we can also obtain that if x∗ ∈ Sx∗, then x∗ ∈ Tx∗.
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Take ∀x0 ∈ E; in view of the property of approximation, we can define a sequence as follows{
x2n+1 ∈ Tx2n,D(Tx2n, x2n) = d(x2n+1, x2n),
x2n+2 ∈ Sx2n+1,D(Sx2n+1, x2n+1) = d(x2n+2, x2n+1), (n = 0, 1, 2, . . .).
Evidently, for any n, we can assume that x2n 6∈ Tx2n, x2n+1 6∈ Sx2n+1. Otherwise, the proof is complete. Since
M(x2n, x2n+1) = max
{
d(x2n, x2n+1),D(Tx2n, x2n),D(Sx2n+1, x2n+1),
1
2
(D(Tx2n, x2n+1)+ D(Sx2n+1, x2n))
}
= max{d(x2n, x2n+1), d(x2n+2, x2n+1)},
if
d(x2n+2, x2n+1) ≥ d(x2n, x2n+1),
then
f (d(x2n+2, x2n+1)) = f (D(Sx2n+1, x2n+1))
≤ f (H(Tx2n, Sx2n+1)) ≤ ψ(f (M(x2n, x2n+1)))
< f (M(x2n, x2n+1)) = f (d(x2n+2, x2n+1)).
This is a contradiction. So we have d(x2n+2, x2n+1) < d(x2n, x2n+1). This yields
f (d(x2n+2, x2n+1)) = f (D(Sx2n+1, x2n+1)) ≤ f (H(Tx2n, Sx2n+1))
≤ ψ(f (M(x2n, x2n+1))) = ψ(f (d(x2n+1, x2n))).
Proceeding in the same way, we have
d(x2n+1, x2n) < d(x2n, x2n−1),
and
f (d(x2n+1, x2n)) = f (D(Tx2n, x2n)) ≤ f (H(Tx2n, Sx2n−1))
≤ ψ(f (M(x2n, x2n−1))) = ψ(f (d(x2n, x2n−1))).
So for each n, we have
f (d(xn+1, xn)) ≤ ψ(f (d(xn, xn−1))).
Repeating this procedure we obtain
f (d(xn+1, xn)) ≤ ψ(f (d(xn, xn−1))) ≤ · · · ≤ ψn(f (d(x1, x0))).
Letm, n ∈ N, n > m, then in virtue of the triangular inequality, we have
d(xn, xm) ≤
n−1∑
i=m
d(xi, xi+1).
This implies
f (d(xn, xm)) ≤ f (d(xn, xn−1)+ d(xn−1, xn−2)+ · · · + d(xm+1, xm))
≤
n−1∑
i=m
ψ i(f (d(x1, x0))).
Let m, n → ∞, by the above inequality, combining the condition of∑∞n=1 ψn(t) < ∞, it follows that {xn} is a Cauchy
sequence. Notice that E is complete, hence {xn} is convergent. We denote limn→∞ xn = x∗ for x∗ ∈ E.
Now we prove D(Tx∗, x∗) = 0. Suppose that this is not true, then D(Tx∗, x∗) > 0. For large enough n, we claim that the
following equation holds
M(x∗, x2n+1) = max
{
d(x∗, x2n+1),D(Tx∗, x∗),D(Sx2n+1, x2n+1),
1
2
(D(Tx∗, x2n+1)+ D(Sx2n+1, x∗))
}
= D(Tx∗, x∗).
Indeed, since limn→∞ d(x∗, x2n+1) = 0 and limn→∞ D(Sx2n+1, x2n+1) = 0, it follows that
lim
n→∞
1
2
(D(Tx∗, x2n+1)+ D(Sx2n+1, x∗)) ≤ lim
n→∞
1
2
(D(Tx∗, x∗)+ d(x∗, x2n+1)+ D(Sx2n+1, x2n+1)+ d(x2n+1, x∗))
= 1
2
D(Tx∗, x∗).
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Therefore, there exists n1 such thatM(x∗, x2n+1) = D(Tx∗, x∗) for ∀n > n1. Note that
f (D(Tx∗, x2n+2)) ≤ f (H(Tx∗, Sx2n+1)) ≤ ψ(f (M(x∗, x2n+1))),
let n→∞ and apply (i) of Definition 3, we get
f (D(Tx∗, x∗)) ≤ ψ(f (D(Tx∗, x∗))) < f (D(Tx∗, x∗)).
This is a contradiction. So D(Tx∗, x∗) = 0, in virtue of the approximation of Tx∗, we have x∗ ∈ Tx∗. The above proof also
guarantees x∗ ∈ Sx∗. This completes the proof of Theorem 1. 
Corollary 1. Under the assumptions of Theorem 1, suppose that T , S : E → E both are single-valued operators and satisfy
f (d(Tx, Sy)) ≤ ψ(f (M(x, y)))
for f ∈ ξ1, ψ ∈ ξ2 and each x, y ∈ E, where
M(x, y) = max
{
d(x, y), d(Tx, x), d(Sy, y),
1
2
(d(Tx, y)+ d(Sy, x))
}
.
Then T , S have a common fixed point x∗ ∈ E, and the fixed point is unique. Further, for each x0 ∈ E, the iterated sequence {xn}
with x2n+1 = Tx2n and x2n+2 = Sx2n+1 converges to the common fixed point of T and S.
Proof. Theorem 1 ensures the existence of common fixed points. To prove the uniqueness, let y∗ be any common fixed point
of T and S. If x∗ 6= y∗, then d(x∗, y∗) > 0. Thus,
M(x∗, y∗) = max
{
d(x∗, y∗), d(Tx∗, x∗), d(Sy∗, y∗),
1
2
(d(Tx∗, y∗)+ d(Sy∗, x∗))
}
= d(x∗, y∗).
This yields
f (d(x∗, y∗)) = f (d(Tx∗, Sy∗)) ≤ ψ(f (M(x∗, y∗))) < f (M(x∗, y∗)) = f (d(x∗, y∗)),
a contradiction, so d(x∗, y∗) = 0, i.e. x∗ = y∗. 
Remark 1. We assume that ψ satisfies Definition 3 in Corollary 1 instead of Definition 2 assumed by Zhang [9]. Hence our
result is different from one of [9] even to the single-valued case of operators.
Theorem 2. Let E be a complete metric space and let Y = sup{d(x, y)|x, y ∈ E}. Set N = Y if Y = ∞, andN > Y if Y <∞.
Suppose that T : E → 2E , f ∈ ξ1 and ψ ∈ ξ2 satisfy
f (H(Tx, Ty)) ≤ ψ(f (M(x, y)))
for each x, y ∈ E, where
M(x, y) = max
{
d(x, y),D(Tx, x),D(Ty, y),
1
2
(D(Tx, y)+ D(Ty, x))
}
.
Then T has a fixed point x∗ ∈ E. Further, for each x0 ∈ E, the iterated sequence {xn} with xn+1 ∈ Txn converges to the fixed
point x∗.
Corollary 2. Let E be a complete metric space and let Y = sup{d(x, y)|x, y ∈ E}. Set N = Y if Y = ∞, andN > Y if Y <∞.
Suppose that T : E → E, f ∈ ξ1 and ψ ∈ ξ2 satisfy
f (H(Tx, Ty)) ≤ ψ(f (M(x, y)))
for each x, y ∈ E, where
M(x, y) = max
{
d(x, y),D(Tx, x),D(Ty, y),
1
2
(D(Tx, y)+ D(Ty, x))
}
.
Then T has a unique fixed point x∗ ∈ E. Further, for each x0 ∈ E, the iterated sequence {xn} with xn+1 = Txn converges to the
fixed point x∗.
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3. Examples
Example 1. Let E = [0,+∞) and the metric d be the Euclidean, i.e. d(x, y) = |x − y|. Obviously, E is a complete metric
space. Suppose T and S are multivalued operators E → 2E defined by
Sx = Tx =
[
e−
x
2 , e−
x
2 + 1
]
.
Now let us check that the conditions of Theorem 1 are satisfied. T and S have approximate values in E which are trivial. For
∀x, y ∈ E we have
H(Tx, Sy) =
{
e−
y
2 − e− x2 , x ≥ y,
e−
x
2 − e− y2 , x ≤ y.
By means of the mean valued theorem, it follows that
H(Tx, Sy) ≤ 1
2
|x− y|.
Taking f (t) = t , ψ(t) = 12 t , then f ∈ ξ1, ψ ∈ ξ2 and f (H(Tx, Sy)) ≤ ψ(f (M(x, y))). Therefore the multivalued operators T
and S satisfy all conditions of Theorem 1. Consequently, T has at least a fixed point.
Example 2. Let E = {x ∈ C[a, b] : x(t) ≥ 0 for t ∈ [a, b]} and the metric d be defined by
d(x, y) = sup
t∈[a,b]
|x(t)− y(t)|.
Obviously E is a completemetric space. Let f (t) = t andψ(t) = 23 t , then f ∈ ξ1 andψ ∈ ξ2. Suppose T and S aremultivalued
operators from E into 2E defined by
(Sx)(t) =
[
x(t)
4
,
2x(t)
5
]
, (Tx)(t) =
[
x(t)
8
,
3x(t)
8
]
, t ∈ [a, b].
Now let us check all conditions of Theorem 1. Clearly, the multivalued operators T and S have approximate values in E. For
∀x, y ∈ E we have
f (H(Tx(t), Sy(t))) ≤ max
(
3x(t)
8
,
2y(t)
5
)
≤ 2
3
max{D(Tx(t), x(t)),D(Sy(t), y(t))}
≤ 2
3
M(x(t), y(t)) ≤ ψ(f (M(x, y))).
Therefore, an application of Theorem 1 yields that the multivalued operators T and S have the common fixed point x∗ ≡ 0.
Example 3. Let ϕ : R+ → R satisfy:
(i) ϕ is nonnegative and Lebesgue integrable.
(ii) ϕ is nonincreasing.
(iii)
∫ ε
0 ϕ(t)dt > 0 for each ε > 0.
Let f1(t) =
∫ t
0 ϕ(s)ds, then
f1(t1 + t2) =
∫ t1+t2
0
ϕ(s)ds
=
∫ t1
0
ϕ(s)ds+
∫ t1+t2
t1
ϕ(s)ds
≤
∫ t1
0
ϕ(s)ds+
∫ t2
0
ϕ(s)ds = f1(t1)+ f1(t2).
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It is easy to see f1 ∈ ξ1. Let
ψ1(t) =

1
2
t, t ∈ [0, 1],
1
3
t, t ∈ (1, 2],
· · · ,
1
n
t, t ∈ (n− 2, n− 1],
· · · .
Clearly, ψ1 ∈ ξ2.
Conclusion. Suppose that T , S : E → 2E satisfy
f1(H(Tx, Sy)) ≤ ψ1(f1(M(x, y)))
for each x, y ∈ E; then T , S have a common fixed point x∗ ∈ E.
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